In this paper, we consider the existence of multiple solutions of the homogeneous Dirichlet problem for a (p, q)-elliptic system with nonlinear product term as follows:
Introduction
We consider the existence of multiple solutions of the Dirichlet problem for the (p, q)-elliptic system with nonlinear product term as follows:
Here ⊂ R N is a smooth bounded domain, -p u := -div(|∇u| p-2 ∇u) is the p-Laplacian, α(·), β(·) > 1 belong to the space C( ), F : × R × R → R is a function of class C 1 , and λ > 0 is a parameter. The main feature of the above problem is the presence of the nonlinear product term.
Our goal is to obtain existence results for problem (P) without requiring the usual Ambrosetti-Rabinowitz condition. To this end, we provide novel growth conditions on the potential F(x, u, v) allowing us to develop a new method to check the Cerami compactness condition, which is crucial to applying critical point theory.
The Ambrosetti-Rabinowitz type conditions are rather restrictive and exclude significant classes of nonlinearities. Numerous papers deal with the elliptic equations without the Ambrosetti-Rabinowitz type conditions, some of them even weakening growth condition such as f (x, t)/|t| p-2 t → +∞ as |t| → +∞ (see [1] [2] [3] [4] [5] [6] [7] [8] ). It is worth mentioning that there are some results related to system (P) without the Ambrosetti-Rabinowitz type growth conditions, but requiring conditions such as F(x, u, v)/(|u| p + |v| q ) → +∞ as |u| p + |v| q → +∞ (see [9, 10] ). In [11] for N = 1 and λ = 0, the authors study problem (P)
without the Ambrosetti-Rabinowitz type condition, but requiring the integral coercive condition T 0 F(t, u, v) dt → +∞ as |u| + |v| → +∞. Recently, in [12] the authors extended the results in [13] establishing an existence result of multiple solutions for a Dirichlet problem with variable exponents involving an elliptic system without Ambrosetti-Rabinowitz condition as follows:
We point out that in these results the condition
In the present paper, we extend in the case of (P) the results in [12] obtaining multiple constant-sign solutions. A relevant contribution consists in the fact that the restrictive requirement F(x, u, v) → +∞ as |u| + |v| → +∞ is not needed anymore. A typical form of
Before stating our main results, we list the following conditions:
(H 1 ) There exist constants M, C 1 * , C 2 * > 0, and continuous functions
and
Our results are stated as follows. 
, but F does not satisfy the Ambrosetti-Rabinowitz condition, and does not satisfy F(x, u, v) → +∞ as |u| + |v| → +∞.
(ii) We do not assume any monotonicity condition on F(x, ·, ·). (iii) Our method can be applied to other relevant cases, for instance,
The rest of the paper is organized as follows. In Sect. 2 we do some preparation work focusing on certain Sobolev spaces and Nemytskii operators. In Sect. 3 we prove our main results.
Preliminary results
In order to study problem (P), we first recall some basic properties of the space W 1,p 0 ( ) that will be used later (for details, see [14] [15] [16] [17] [18] [19] ).
Endowed with the norm
The space W 1,p ( ) is defined by
and is endowed with the norm
We denote by W
Proposition 2.1 (see [14, 16, 18] )
(iii) There is a constant C > 0 such that
We know from Proposition 2.1 that |∇u| p and u p are equivalent norms on W [18, 20] 
Proposition 2.2 (see
From Proposition 2.1, conditions (H α,β ), (H 0 ), and the continuity of Nemytskii operator (see [13, Proposition 2.2] as well as [18] ), it follows that 1 , 2 , , ∈ C 1 (X, R) and
where
The integral functional associated with problem (P) is
Without loss of generality, we may assume that F(x, 0, 0) = 0, ∀x ∈ . Then we have
where ∂ j denotes the partial derivative of F with respect to its jth variable. From (1) and assumptions (H 0 )-(H 1 ), it holds
with a constant c > 0. Through Proposition 2.1, assumptions (H α,β )-(H 0 ), and the continuity of Nemytskii operator (see [13, Proposition 2.2] as well as [18] ), it follows that ϕ ∈ C 1 (X, R) and satisfies
We recall that (u, v) ∈ X is a critical point of ϕ if
The dual space of X will be denoted by X * . Then, for any H ∈ X * , there exist uniquely 
It is seen that is a convex functional and that the following result holds.
Proposition 2.3 (see [16, 18, 21] ) (i) : X → X * is a continuous, bounded, and strictly monotone operator;
We set forth a useful coercivity property for the potential F.
Lemma 2.4 Assume (H α,β ) and that F(x, u, v) verifies
with a constant C 1 > 0. Fix x 0 ∈ and ε > 0 such that B(x 0 , ε) ⊂ . Setting
Proof It is known from hypothesis (H α,β ) that
By (3) there exists a positive constant C 2 > 0, for which one has
Therefore we may write
Using the equality
it is readily seen that (4) is valid, which completes the proof.
Proofs of main results
The solutions to system (P) are understood in the weak sense.
The energy functional corresponding to problem (P) is
Definition 3.2 We say that ϕ satisfies the Cerami condition in X, if any sequence
n → ∞ has a convergent subsequence. Proof Let {(u n , v n )} ⊂ X be a Cerami sequence, i.e., one has ϕ(u n , v n ) → c and
Recalling from Proposition 2.3(iii) that is a homeomorphism, we derive (u n , v n ) → (u, v), which establishes that ϕ satisfies the Cerami condition.
Next we show the boundedness of the Cerami sequence {(u n , v n )} arguing by contradiction. Suppose there exist c ∈ R and {(u n , v n )} ⊂ X satisfying
For n sufficiently large, it turns out that
This leads to
with a constant C 1 > 0. From condition (H 1 ) and (5) we get
with constants C 2 , C 3 > 0.
Since ϕ (u n , v n ) * (1 + (u n , v n ) ) → 0, by the preceding inequality and (H 0 ), we have
with constants C i > 0 for 4 ≤ i ≤ 9 and ε ∈ (0, 1).
Due to the fact that
< 1 on , there exists a small enough ε > 0 such that
Then, by Young's inequality, we get
with a constant C 10 > 0.
When ε > 0 is sufficiently small, it is straightforward to reach a contradiction. Thus {(u n , v n )} is bounded, which completes the proof.
In order to prove Theorem 1.1, consider the truncation
where S(t) = max{0, t}. For any (u, v) ∈ X, we say (u, v) belong to the first, the second, the Proof of Theorem 1.1 On the basis of hypothesis (H 3 ), it is easy to check that F ++ ∈ C 1 ( × R 2 , R), and
S(u), S(v) .
Let us consider the auxiliary problem
The corresponding functional is expressed by
Let σ > 0 satisfy σ ≤ 1 4 min{λ p , λ q }, where λ p and λ q are the first eigenvalues of -p and -q , respectively. By assumptions (H 0 ) and (H 2 ), we have
with a constant C(σ ) > 0 depending on σ . Notice that λ p , λ q > 0 (see Proposition 2.2) and
When u p is small enough, by Proposition 2.1 we have
with constants C 11 , C 12 > 0. Similarly, if v q is small enough, we obtain
Then, when λ > 0 is sufficiently small, for any (u, v) ∈ X with small enough norm, through Young's inequality, we find the estimate
We conclude that if λ > 0 is sufficiently small, there exist r > 0 and ε > 0 such that By (H α,β ) we may suppose that ε > 0 is small enough such that
Fix u 0 , v 0 ∈ C 2 0 ( 0 ) which are positive in 0 . From hypothesis (H 2 ) it follows that
The discussion above enables us to see through local minimization that ϕ ++ (u, v) has at least one nontrivial critical point (u * From (H 1 ) and (1) we infer that
with positive constants C 2 , C 3 , for all (x, u, v) ∈ × R × R. Fix x * ∈ and ε > 0 such that B(x * , ε) ⊂ . Define h * ∈ C 0 (B(x * , ε)) by
From Lemma 2.4 we know that ϕ ++ (t In order to prove Theorem 1.3, we need to do some preparation. Note that X is a reflexive and separable Banach space (see [22, Sect. 17] , [18] ), so there are sequences {e j } ⊂ X and {e * j } ⊂ X * such that
For convenience, we set
Lemma 3.4
For γ , δ ≥ 1 with γ < p * and δ < q * , denote
Then there holds lim k→∞ β k = 0.
Then there exists a subsequence of In order to prove Theorem 1.3, we need the following lemma whose proof can be found in [23, Theorem 4.7] . If the Cerami condition is replaced by the Palais-Smale condition, it is proven in [24, Theorem 3.6]. Now it is sufficient to combine (A 1 ) and (A 2 ) for completing the proof of Theorem 1.3.
